
Measure Theory with Ergodic Horizons
Lecture 18

First we understand when pointwise convergence implies convergence in
-norm. We

saw exagles last time of pointwise convergence
not implying I-convergence , we

recall them here :

Examples.
(2) let fre= As

,mil ,
When fu-> O pointwise

,

but 118-full = (full = 1
,
so fut. 0.

In fact
, ful doesn't converge inIto anything since Ilf-full =2utm .

fo f2 f -

f

(b) let te := n 110
, ] ,

mil . Then again t - O pointerise, but
f

Ilf-pll= (full = 1
so fut0 . Again , (f)

I I

fo doesn't converse in at all bease llfa-full,I
p I

for all ntm
.

(c)

We have IlfrOllEIIfulliD so fu + 10 but (fu) doesn't

-rese pin



Note Kant the MCT already gives a sufficient condition for L-convergence:

Cor
.

For te
,
fel'(X

, M) , if Offulf then In tef.

Proofe Ilf-fall = (I-fulde = Iffulcu = Jar-Stede 0.

What about the non-monotonesequences as in examples (a) and (b) above ?

Note that in those examples the whole
sequence (fu) was not under some "finite

unbrella"
,

i

. e
.

not dominated by an integrable function. Thee following shows

that once this is fixed
,
we get Leonvergence.

Dominded Convergence Theorem (DCT) . Let fa
,
FeL'(X

,M) such that I non negative

geL'IX ,h) such that Iful-gae .

for all u . Then thef me . E fatef.

In particular , Student Side
Proof

.
We

may assume the a
.
e . conditions hold everywhere by throwing out a well at

We only know MCT and Fator's Lemma
. The first one is not applicable,

all the second one is applicable to only non-negative functions. Applying Faton

to Ifal won't give anything useful about Studen or Sifa-fide. We apply
Faton to gifn.
len-Stih = Slimiuf(y-fu) => limint/1g-Fulde = Sydl-linsup/full

U

Iydm + (fdM = (Grinf (gtful living + fulde=ye + limit fade



kene himsupffaden Stole Lininf Stude ,
so lin Studen-Stelm .

Applying "what we've poorer to the sequence If-ful
,
size IffulzIfuk2g

and Itrfl-0 pointwine , we get /Ifa-fIdh-JOdn = 0, i . e . thef.

Remark. We didn't need to require- to be integrable as it is automatic
.
Indeed,

If1 = limifuley so the monotonicity of the integral implies Ifll , = JifdeJgdm

Gr
. Simple functions are dense in L(X

,b)
.

Cor
.

Let IX
, u) be a countably generated measure space , i

.

e. Measu is countably generated
mod mull

.

Then LIX
, u) is separable.

Proof
.
The proof was a homework exercise for Definite (X

,) , in order to use the uniquenes

part of Caratheodory's extension theorem. However
,
as suggested by Vahan , we don't

need the whole space to be refinite because we only need te approximate finite mea-

seere sets. We just need the following better version of uniqueness in Carathoceries

extension Murem :

Caratheodory's extension (with stronger wipenen) . Let A be an algebra on a set X and letM
be a ctbly additive measure on A (pemeasure) . Then in extends to a measure onAyr,

namely , the outer measure Mt . Moreover, such an extension is unique for sets of



wife outer measure
,
i
.
e, if o is also an extension of m

do
a measure on&yo

.

then for

each BECAT
,
we have -(B) [ MAB) , where equality holds if M

& (B) < &.

Proof of equality VIB) = 1PB). We've already down that the extension is unique if m is

Finite and we will reduce to the case where he is finite
.

Let BeAso be such that

M
* (B)&. Then there we rede AndA such that B=X:= An andMLAne (N

< &
,
and by disjointification , we may assume the An are pairwise disjoint.

1

We then restrict to * by observing that A : = <ARE : AGES is algebra and defin

niny : 5 + 10,] by MAN) : EMIAMAn) . We can easily check

that = M
*

15 = VIE ,
indeed

,
for each AEA

,
we have

↑ (A1Y) :=Zh(AA)=EMAA an =EA
4EIN

But i (5) < & ,
so the original version of Carathidors extension gives that went

on <Asa
,

and in particular v(B) = M
& (B) become Bo <* 35 .

Example . For (RRP
,
X)
,
12

, Mp) ,

CIN
, rounding) ,

the of these
spaces is separable.

For a set X with counting measures ,
LKX
,u) is simply devoted by e'(X).

In particular, l'SN) is the rector space of sequences (an) of reals that

are absolutely summable
,
i
.
e
. ICawlanl <&, bene for tel'(IN),

Stdm=If
Also

,
for deI

,
i . e . d= 30, 1, ..., d-1 , what

space is I'(d) ? Indeed,



e'(d) = IR" with the 11l1-morm
,
i
.
e
.

I*/ :=I al because for each

eld)
,
the integral is (Cal deca)= ).

We will now show Bot
& 2(X

, m) is always complete (as a pseudo-metric space),

every Candy sequence has a limit
.

To show this it is convenient he use

the following criterion of completene for pseudo-mered rector
spaces.

Completene for wormed rector-spaces . Let IV
,
11.1l) be a real rector-space with a

pseudo-morm 1.11
.

Then V is complete (as a pseudo-metric space)=> every
absolutelyronvergent seriesfe li . e . [lfall < d) converges

in worm
NEI

li . e
.

Where is few such that IIF-Zfull -> 0 as Na

Proof. =>. Suppose that V is complete, i. e. every Canaly sequence has a limit.

let Ifn be an absolutely convergent series
,
i
.
e
.

GEU and Ellfull < .
UG() NEIN

We want to show hotEnth exists
,
i
.
e
.

What the partial cansIf -
verse in norm

. It's enough to check let the
sequence

of partial sams is Can-

Cy ,

but Reis is dar: for NEM

↓A-inequality

11 =mall = llfull- I fall = If all
-> 0 asN-

N= <M

because Efull <&
hEIN

= Suppose the right hand wide and let (f) be a Cauchy sequence.



To use a property for series
,
we need to consider the series [(fux-fu).

NEIN

Butthis may
not be absolutely convergent , i. e . it might be that Ellfax-full =&.

We fix this by passing to a subsequence (fol so Kat Ilfarfall 2
which exists by the Carchiness of the requence . Then [Ilfree-falla

KEIN

10 Zultra-fuel existe
,
i
. e .

the
sequence

of partial cansif
= tip-flo has a limit

,
heace (top) has a limit.

But a lauchy sequence converges it and only if it has a convergent subses-
were

,
so fil converges.

Theorem
.

For
any

measure space
(X
,M) , the wormed-rector space (IX, m) is complete.

Proof
. We use the previous criterion: supposefe converges absolutely

,

ie

Ifalla -d
.
Need to show letpfh converges in L'-worm

.

Let gitfulHEA

By cl additivity of the integral (i. e . by MCT)
,
we have

Ilg) , = (fuld= faldM= fulle
so yeLIX, M.

/Elde < implies in particular letElful & a
.

e
.

Has,

fo= Ifu exists me.
,
i
.
e
.

Ifu face
.

Moorer
, JHfde = Sifulds

VEIN 41N

↳ /Elfuldu = Ilgll , & , so
fel'(X

, m)
.

Also
,

12 ful ZIful Elig ,
10 OCT gives It-flle = 0 .

< N

Leave "Pl
converges to f in -norm,


